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Abstract

Some specification languages, such as VDM-SL, allow expressions whose values are
not fully determined. This may be convenient in cases where the choice of value
should be left to a later stage of development.

We consider a simple functional language including such under-determined
expressions and present a denotational semantics for the language along with a set
of proof rules for reasoning about properties of under-determined expressions.

Specificly considered is the combination of under-determinedness and a
least fixed point semantics of recursion. Soundness of the proof rules is also dis-
cussed.

CR Categories F.3.1
CR General Terms Theory Languages

Key Words  Specification languages Semantics of Looseness Least fixed point
semantics Proof Rules VDM
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1 Introduction

Formal specification languages often provide means of specification not usually
found in programming languages. One of these is the possibility of writing ex-
pressions whose value is not fully determined. Such ‘loose specification’ may be
a convenient way of expressing that a number of alternative implementations are
allowed.

As noted, e.g., by Sgndergaard and Sestoft, there are (at least) two different
ways of interpreting loose specifications [SS90, SS92]. In connection with the speci-
fication language VDM-SL [ISO93] they are called ‘under-determinedness’: allowing
several different deterministic implementations — and ‘non-determinism’: allowing
non-deterministic implementations. In the literature, the term ‘under-specification’
is sometimes used instead of ‘under-determinedness’. In the work presented here,
we only consider loosely specified constructs which are interpreted as being under-
determined (corresponding to the treatment of functions in VDM-SL). Thus, it must
be decided at implementation time which of the possible, deterministic implemen-
tations is to be chosen.

The proof rules which we will present here make it possible to reason about
internal looseness where each implementation yields the same result given the same
input as well as external looseness where different implementations yield different
results given the same input. In most cases the specifier may want the looseness
to be internal at some level, and the proof rules presented here make it possible to
reason about this.

In order to set the scene, we will first present the semantics of a small de-
terministic functional language (Section 2). We will then add an under-determined
expression construct to this language and present its model-theoretic and proof-
theoretic semantics (Sections 3 and 4). This is followed by a discussion of the
soundness of the presented proof rules (Section 5) and the conclusion and discus-
sion (Section 6).

Acknowledgements and discussion of related work appears last in the paper
but one specific source of inspiration deserves special mention. This is Wieslaw
Pawlowski’s contributions to the VDM-SL standard [ISO93]. The model-theoretic
semantics which will be presented in Section 3 is to a large extent based on his ideas
and this provides an important foundation for the rest of the work presented.

2 A Simple Deterministic Language

Below we will first consider a small deterministic, functional language. The language
is not practical for programming or specification, but it includes an essential subset
of the constructs in typical functional languages.



2.1 Syntax

Let v range over an infinite set of variables Id, and let ¢ range over built-in constants
Con, then the language Ezpr of expressions is generated by the grammar:

e = wv|c|ifetheneelsee |lambdav . e |e(e)|recv =e¢

The constants may, e.g., include numbers, the boolean constants true and false, and
functions on these. The unary and binary operators which will be used in the
examples are all considered constants.

2.2 Semantic Domains

Expressions are interpreted using the following recursively defined domain V. The
domain operators 4+, x and — are coalesced disjoint sum, smashed product and
continuous function space respectively [Sch86].

P = VxV
F = (V=V),

The domains B; are flat domains of basic values, each with a common
bottom value 1. The domain By = B = {true,false, L } is the domain of truth
values and B; = N is the domain of natural numbers. The flat domain of binary
smashed products, P, is used to give semantics to pairs of values. The domain of
continuous functions, F, is used to give semantics to functional expressions. This
domain is lifted to get a distinction between | and An.L.

2.3 The Meta Language

Before presenting the semantics of Ezpr, the following notational conventions for the
meta-language are introduced. The same notation will be used later when defining
the semantics of a language with under-determined expressions.

e The open brackets [ - | indicate syntactic arguments.

e The semantic domain is formed using a coalesced disjoint sum and the
functions to project boolean and function values from V into B and F
are denoted by the subscripts g and g respectively. If the g projection
function is applied to a value which is not an injected value from B, the
result is | and likewise for the g projection function. Finally, the subscript
v 1s used as an injection function from F to V and from subsets of F to

subsets of V.

e AY.e is used for lambda expressions (mathematical functions) like in un-
typed lambda calculus where e is an expression in the meta language. Ap-
plication of such a lambda expression is written as e;(e;) where both e
and ey are meta language expressions. If e; is either | or does not denote
a value from F this application denotes L.



o — o(v E[recv =e]p =
Elv]p = p(v) Y(,\19.5[[e]]pp[19/’0])

E[clp =C(c) £[it ptn oo 1]
B if pthen e; else ex]p =
Eg[felg({ezz)ﬂ]g;J_ if £[p]py then Ee1]p else E[ex]p
then L &[lambda v . e]p =
else (E[er]p)p(Ele:]l) X9.£e]p[9/)

Figure 1: Model-theoretic Semantics for Ezpr

e | is a common bottom element for all domains and it denotes an undefined
value. Note that the semantic functions can use bottom as a normal value
whereas it would correspond to some kind of error in the object language.

e The equality (=) which is used is strong equality, which implies that | = L
yields true.

o We will use potentially infinite sets. These are written either as an enu-
meration of elements {e,. .., e,} (where each of the e;’s are meta language
expressions) or as a set comprehension {e | bl - p} where the predicate p is
optional. Both e and p are meta language expressions whereas bl is a list
of bindings of the form: v € S. Here, S is the set of values which v ranges
over. More than one binding is used when it is necessary to quantify over
several sets.

e We will use IP as an infinite power set operator.

o “if p then e; else e;” is syntactic sugar for the application of a function:
condeB—-V -V -V
yielding e; if p = true and ey if b = false. All three components p, e; and e
are meta language expressions. If b denotes neither true nor false this entire
conditional construct yields L.

¢ Bounded quantification (V,3) over values in a set and logical connectives
(—,V,A) are used with the usual mathematical (two-valued) meaning.

Y € (V = V) — V is the least fixed point operator.

2.4 Denotational Semantics

The semantics for Fzpr is presented in Fig. 1. The naming convention used in
Section 2.1 for non-terminals is also used for term variables (denoting syntactical
terms) in this figure and in the rest of the paper, with the exception that for
readability we will use p when an expression is supposed to be a predicate and
denote a boolean value and when needed we will use subscripts. The function &£
gives semantics to expressions. Its functionality is: Ezpr — (Env — V), where
Env is the domain of environments, i.e. functions from Id to V. The functions



from environments to values are called evaluators. The notation p[e/v]| denotes

an environment p’ which is identical to p except that p’(v) = e. The semantics
of constants is given by C € Con — (V \ {L}) which is not further defined. We
assume, however, that there are constants for the natural numbers, booleans and
for operators on these. We also assume the existence of a pairing operator and
selectors: fst and a snd to get the first and second component af a pair. In some
examples, we will also need a comparison operator: =. For this to be included
among the constants, it must be continuous so we assume that it yields L if an
argument is either | or a value from a non-flat domain. Where appropriate, we
will in examples use infix notation for application of = and the other operators.

The denotational semantics presented here is quite straightforward and
corresponds closely to the operational intuition which one would have for this small
language. Let us now consider an extension of the language to include under-
determined expressions.

3 Adding Under-determinedness

Our aim is now to add a construct to Ezpr in order to obtain a new language Ezpr,
of under-determined expressions. The simplest candidate for such a construct is
probably a dyadic operator for under-determined choice between two alternatives;
this would resemble the internal choice operator often used in languages with par-
allelism such as CSP [Hoa85].

However, the inspiration for this work comes from the VDM Specification
Language with its more general “let be such that” expression. Here, the number
of alternatives may be infinite as they are only bounded by a type and a predicate
which each alternative must satisfy.

It turns out that the property of belonging to a type and satisfying a pred-
icate is a concise and effective way of characterising under-determined expressions
in general. We therefore propose a language of type expressions Type as the basis
for the treatment of under-determined expressions. The language is defined by the
following grammar where b ranges over the basic types, e ranges over expressions
Ezpr, (to be defined), and v ranges over the variables Id:

t = bltxt|t—=t|{e|v:t-e}

From a semantic point of view, type expressions denote (possibly infinite) subsets
of V not including L. The basic type expressions b may, e.g., include a type for
natural numbers: Nat, one for booleans: Bool, and one for all values in V \ {L}
termed Any. Binary (smashed) products can also be described. Besides these, the
grammar allows description of total continuous functions #; — #,, i.e. subtypes of F
which restrict the results to belong to ¢, for all arguments in #;. Finally, types may
also be described in comprehension. Informally, {e | v:t-p[} means the set of all
values which e may denote (excluding bottom) when binding v to values in ¢ such
that p denotes true. In order to increase the readability we will also use various



TTbilp = (Bi)yv \ {1}

Tt x t2]p = {(v1, v2)v | v € T[t]p, va € T[t2]p} \ {1}

Tlh—tlp = {ey | ¢:F Vv e TTalp - e(v) € TTtlo} \ {1}
THelv:t-phlp=

{ev(ples/v]) | ev € E[e], e; € Tt]p - I pev € E[p] - pev(ple:/v])g = true} \ {1}

Figure 2: Model-theoretic Semantics for Type

short forms:

F={v|v:ihny-v=eV...Vv=re,}
b= {olv:t-ph
b = {elfst(r)/vi,snd(r)/vs] |

rit Xty - plfst(r) /v, snd(r)/v] }

With this notion of type expressions, we may now extend the language of
expressions with a choice construct (to obtain Ezpr,):

choice i

denoting an under-determined value from the type ¢. Note that ¢ may be described
in comprehension, in which case a VDM-like “let be such that” construct is obtained.
In the examples below, we will use: “let v:t in e” as syntactic sugar for “(lambda
v.e) (choice t)”.

3.1 Denotational Semantics

The semantics of type expressions Type and under-determined expressions Ezpr, is
presented in Figures 2 and 3. The two meaning functions are defined by (mutual)
recursion over the syntax tree.

The signature of the meaning function for type expressions T is Type —
(Env — IP(V)), so the denotation of a type expression is not considered under-
determined — it denotes a function from an environment to a completely determined
subset of V. The semantics of type expressions in comprehension, {{e |z :¢-p}, is
complicated by the fact that both e and p may be under-determined. The idea is
to include in such a type all possible values of e for which p may be true.

A simpler formulation could be achieved by disallowing the use of choice
expressions inside type expressions in comprehensions and then using the semantic
function for Ezpr rather than Fzpr, when defining the semantics of the choice
expressions.

Note that function type construction is contra-variant in the first argument:
nothing is required of the functions when applied to values outside the argument
type, so by choosing a smaller argument type, a larger set of functions is described.
This is often the case in type systems, but other choices are possible. In VDM-SL



E[v] = {Ap.p(v)} E[if bthen e; else e;] =
{A p.if pev(p)g then evi(p) else evy(p)

Elc] ={Ap.C(c)} | ppe'u Epc‘:[]))o]],]ivl € 5[61]]},06112 € Eﬂeﬁ}
5[6/\1(6_22]] - _ &[lambda v . e] =

Dot enalp) =L {Xp.(A0.ev(p[8/]))y | ev € E[e]}

else (eni()p(en(s)  Elchoice ] =

| evy € Ee1], eva € E]ea]} {ev]| ev € (Env — V)

flrecy = o] = Vp€ Env- h; T[t]]p(z) {},}ﬂ wf-Jin'v}(p)
D then ev(p) € T|t]|pU{L
{Ap.Y(Ad.ev(p[d/v])) else ev
PAPDYN v Ise ev(p) € Tt]p}

Figure 3: Model-theoretic Semantics for Ezpr,

the choice of a different (smaller or larger) argument type will give a completely
different set of functions, disjoint from the original set.

The signature of the meaning function for expressions has changed. In the
“traditional” semantics of Ezpr, an expression denoted a function from environ-
ments to values (an evaluator). Due to the under-determinedness, an expression
now denotes a potentially infinite set of evaluators:

E: Ezpr, — IP(Env — V)

The evaluators denoted by an expression will, in the following, also be called the
models of the expression.

It should be noted that, in a given environment, each variable is bound to
a single value. So multiple references to the same variable within a given scope will
yield the same result. This is the usual approach which Sgndergaard and Sestoft
call singular binding [SS92] and which is also used in related specification languages
such as RSL [Gro92] and Z [BSI92].

The revised semantics of variables and constants is trivial. For most of
the other expressions, set comprehensions are used to propagate and combine the
looseness from the subexpressions.

The semantics of the choice expression is, in essence, the set of evaluators
whose results are all included in the set of values denoted by the type expression.
With this definition, it is the idea to include evaluators which yield different values
from the set, when applied to different environments. In this way, the choice may
depend on the value of variables in the environment. There is a potential problem in
actually obtaining non-constant evaluators, however, since the evaluators are drawn
from the domain of continuous and thus also monotonic functions: Env — V.

Consider, e.g., an evaluator in the semantics of choice{1,2[}. This evalua-
tor must yield some value when applied to the environment which maps all variables
to L. If we, e.g., assume that it yields 1 in this environment then it must also yield
1 in all more defined environments — otherwise it would not be monotonic. In order
not to force the evaluators for choice expressions to be constant, we therefore allow



them to yield | in certain environments, including the one mentioned above. To
characterise precisely the cases where | is an allowed result, we have found it con-
venient to slightly modify the notion of environment so that variables introduced by
lambda expressions are distinguishable from the ones introduced by rec expressions.
We will not go into the details of formalising such a distinction but simply assume
that the function wf-Env : Env — {true, false} yields true iff all variables introduced
by lambda expressions are mapped to values which are not |. The evaluators may
then yield | in environments where one or more lambda introduced variables are
L.

Even though lambda bound variables potentially could be mapped to L
by environments, the semantics has been designed to support a use where lambda
bound variables always denote defined values. The strictness of function application,
e.g., ensures that the actual parameters “inserted” in the environment are never 1.
Of course, the evaluators constituting the semantics of a program (expression) could
be applied to an initial environment which is not well-formed in this sense, but this
i1s not the intended use of the semantics. Later, when considering soundness of
proof rules with respect to this semantics, the assumption about well-formedness of
environments is made explicit.

The reader may note that the differentiation between lambda and rec
bound variables in the semantics of choice has the consequence that choices cannot
depend on the value of rec bound variables.

For rec expressions, one should note that the semantics is still defined using
the least fixed point operator. However, since the denotation of the subexpression
is a set of evaluators rather than a single evaluator, the least fixed point of each
evaluator is found and this set of least fixed points then constitutes the denotation
of the rec expression. Note that all evaluators, ev € E[e], are continuous for all
kind of expressions (including choice expressions). This can be seen from the fact
that all functions from F are continuous and only continuous operators are used in
the semantic clauses.

At this point it may also be appropriate to note that the semantics of choice
is defined implicitly as the set of evaluators fulfilling certain properties, whereas
the semantics of the other constructs are given as sets of evaluators constructed
explicitly by A-abstraction on environments. As we see it, this difference is natural:
with the semantics of choice we go from an essentially algebraic description to a set
of models (evaluators). However, with the other constructs, the semantics is given
by combination of the models for their subexpressions.

3.2 Implications of the Semantics

As noted above, the semantics is based on singular binding. To illustrate the impli-
cations of this, we may start by observing that the semantics of the expression 5=5
reduces to the singleton set {A p.true}. Likewise, for any variable x, the semantics
of x=x is a singleton set, {Ap.if p(x) = L then L else true} — due to the singular
binding.

However, it is not, in general, the case that equality of syntactically identical
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expressions is fully determined (yields a singleton set of evaluators). For instance,

the semantics of (choice t)=(choice t) is the infinite set of evaluators which
yield either true or false (assuming that t contains at least two elements):

{ev | ev € Env — B -Vp € Env - ev(p) € {true,false}}.

In the following, we will expand on this issue, comparing under-determined choice
with Hilbert’s epsilon operator and non-deterministic choice.

The difference between using the classical Hilbert epsilon operator [Lei69]
and the under-determinedness approach presented here can be illustrated by a sim-
ple example. The expression:

(lambda v . choice{1,2})(5) = (lambda v . choice{1,2]})(5)

will be true in the Hilbert framework (using epsilon for choice) because two choices
from the same set must yield the same result. Considering our interpretation of
choice as some under-determined implementation, we cannot use the same approach
as Hilbert; choices in different parts of a specification may be implemented differ-
ently even if they are based on sets which are equal. Therefore, in our framework,
the result of the above comparison is under-determined: either true or false. The
choice of the resulting value (in this case either true or false) may depend on the
environment in which the above comparison expression appears, even when the ex-
pression, as in this case, does not have any free variables and thus seems to be
independent of the environment.

The difference between non-deterministic and under-determined choice can
be illustrated by another example. Consider the expression:

(lambda £ . £(5) = £(5))(lambda v . choice{1,2})

It will yield true with the under-determined choice because the two function appli-
cations yield the same result no matter which of the possible deterministic imple-
mentations of the function is considered. In a typical non-deterministic framework,
non-deterministic implementations of the function would be allowed so the result
would be a non-deterministic choice between true and false.

Also note that the first of the above examples is the result of 8-reducing the
second example. With our under-determined choice, the two examples do, however,
have different semantics, so B-reduction is not valid in general in this framework.
It is valid, however, if the semantics of the argument is a singleton set, e.g. if it
does not contain any uses of choice.

Investigating whether other properties of classical lambda calculus hold
in the framework of under-determined expressions, we have established a positive
result regarding Currying:

Fact 1 For all expressions e, e; and e, variables v, v' and v" it holds that

E[(1ambda v . e(fst(v),snd(v)))(e1, e2)] =

E[(1ambda v’ . lambda v" . e(v’,v"))(e2)(e1)]



3.3 Semantics: Examples

The key motivation for using an under-determined interpretation of looseness is that
functional values then act as real mathematical functions which always return the
same deterministic result when they are applied to the same argument. This holds
even if the body of a function is loose; the looseness simply gives rise to different
evaluators, i.e. different models for the function.

As mentioned earlier, choices may depend on lambda bound variables in
the environment. So a choice appearing in the body of a lambda expression may
in this sense be parameterised with the actual argument to the lambda-defined
function. In order to illustrate this, we will in the following present two examples
of adding under-determinedness to the well-known factorial function. Note that
here we will assume the existence of three binary constants (equality, multiplication
and subtraction) which for convenience we write with infix notation. Moreover we
assume the existence of the constant values 0, 1 and 2 belonging to the basic type
Nat. The first variant of the factorial function has a choice in the base case:

rec fac’ = lambdan . if n = 0
then choice {1,2}
else n * fac’(n - 1)

We abbreviate this entire rec-expression as: FAC' (the name of the recursion vari-
able in upper case) and will use this abbreviation convention also in the following
examples. Let us first consider the semantics of the entire rec-expression:

E[FAC] = {Ap.YXd.ev(p[¥/fac’]) | ev € E[1lambda]}

where lambda is the entire lambda expression. In principle, there is an infinite set of
such evaluators for the lambda expression because the choice could be functionally
dependent on the value of arbitrary variables in the context. However, to simplify
the setting, we assume that FAC' is “the whole program”, i.e., the evaluators which
it denotes are to be applied to some constant, initial environment: p;. With this
view, we may consider two evaluators for FAC’ to be indistinguishable if they yield
the same result for this initial environment, even if they might have given different
results in another environment. Likewise, two evaluators for a subexpression of the
lambda expression may be considered indistinguishable if they for arbitrary values
¢ and ¥’ give the same result in the environment: p;[¢/fac’, ¥ /n].

The evaluators denoted by the choice in the then-branch can yield different
results in environments with different values of n. So there are infinitely many
distinguishable evaluators for this subexpression. However, considering the whole if-
then-else expression, this will only have two distinguishable evaluators, because the
evaluators of the then-branch are only considered in environments p;[¢/fac’,0/n]
and here they will all yield either 1 or 2. So the distinguishable evaluators for the
if-then-else expression may be represented by:

Ap.if p(n) =0 then 1 else p(n) x p(fac’)(p(n) — 1)
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and
Ap.if p(n) =0 then 2 else p(n) X p(fac’)(p(n) — 1)

When the two distinguishable evaluators of the if-then-else expression are
used in the semantics of the lambda expression we get two distinguishable evaluators
of the form: Ap.A¥'.ev[?¥ /n] where ev is one of the evaluators for the if-then-else
expression. In the fixed point iteration process for each of these two evaluators, the
environment p will gradually contain more and more defined versions of ¢ (replac-
ing fac’) ending with the least fixed point. In order to illustrate the fixed point
construction let us state the first few steps in this iteration process for each of the
two evaluators, starting with the one which yields 0 in the base case:

(0) Ap.L
(1) ApAd.if ¥ =0 then 1lelse L
(2) ApAd.if ¥ =0 then 1lelse if ¥’ =1 then 1 else L

(00) Ap A if ¥ =0 then 1 else ¥’ x p(F)(¢¥' — 1)

The other iteration proceeds as follows:

(0) Ap.L
(1) ApAd.if ¥ =0 then 2 else L
(2) ApAd.if ¥ =0 then 2 else if ¥’ = 1 then 2 else L

(00) Ap.Ad. if ¥ =0 then 2 else ¥’ x p(F)(¥' — 1)

Thus, in this case, one obtains two incomparable least fixed points (one
corresponding to the normal factorial function and the other corresponding to twice
the normal one):

E[FAC'T = {A p X' 9, A p. 202 x 91}

This means that, for example, FAC'(4) would yield 24 (4!) in one model and 48
(2 x 4!) in the other model.
Let us now consider a slightly more complicated example:

rec fac’’ = lambda n . let x : {1,2} in
ifn=20
then x
else x * n *x fac’’(n - 1)

The evaluators for the if-then-else expression can yield different results in environ-
ments with different values of both x and n. So there are infinitely many distin-
guishable evaluators for this subexpression. Considering the entire let-be expression
we still have infinitely many distinguishable evaluators. Notice how the choice of x
can be different on each recursive application of fac’’ because the distinguishable
evaluators may depend on the binding of n in the environment.

In the denotational semantics, the distinguishable evaluators for the lambda
expression in this case can (in the oo limit) be reduced in the same way as for FAC’



above to denote an infinite set of expression evaluators of the form:
{ ApA?.if % =0 then 1else 1 x ¢ x p(d)(¢ — 1),
Ap A if ¥ =0 then 2 else 1 x ¥ x p(J)(F — 1),
Ap A . if ¥ =0 then 2 else if ¥/ =1 then 4 else 1 x ¥' x p(¥)(¥' — 1),

Ap A if ¥ =0 then 1else 2 x ¥’ x p(d)(F — 1),
Ap A . if ¥ =0 then 2 else 2 x ¥ x p(F)(¥ — 1)}

Each element, f, in this infinite set of functions satisfies (') = 2% x ¢! for
some k € {0,...,9 + 1}, where “!” is used as a primitive operator as in traditional
mathematics. Note that the value of £k may depend on ¥’ for each of the functions.
Thus we really have an infinite set of functions despite the relatively ‘simple’ ex-
pression used here. The first distinguishable evaluator listed above chooses 1 every
time, whereas the second evaluator chooses 2 for ¥’ = 0 and 1 otherwise. The third
evaluator chooses 2 for ' = 0 and ¥’ = 1 and 1 otherwise and the last evaluators
which are written in the collection are ones where 2 is chosen (almost) all the time.
So there will, e.g., be models where FAC"(2)is 2 (2!),4 (2% 2!), 8 (2x2x2!) and 16
(2x2x2x2!), respectively. Note that there is an infinite number of different models
(distinguishable evaluators), but for a given argument value v there will only be a
finite set of possible results (the combination of choices made for all arguments less
than v).

Finally let us consider an example where only internal looseness is present.
Below is the specification of a recursive function which takes a set of natural numbers
and yields the sum of these numbers. Here we additionally assume that finite sets
of natural numbers are included as values in V. A basic type Natset is assumed
to denote this subset of V. Regarding operators on the sets, it is assumed that
the set membership operator (written in infix notation as isin), the set difference
operator (again written in infix notation as \), the empty set {} and the singleton
set constructor (written in mix-fix notation {-}) are available as constants.

rec Add = lambda s . if s = {}
then O
else let e : {e:Nat-e isin s
in
e + Add(s\{e})

No matter in which order the elements from the set, s, are chosen, ADD will
yield the same result. With the proof rules presented in the next section we will
show how to prove this.

4 Proof Rules

In a traditional setting, a proof system for reasoning about the value of expressions
would typically be based on equality. So the proof rules of such a system would
concern propositions of the form e; = e,.
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When considering under-determined expressions, which may denote any of
a whole range of values, equality appears, however, to be less appropriate. Instead,
we have chosen to base our proof system on propositions of the form e : ¢t where
e is an expression and ¢ a type expression. These propositions, which are called
typings, can be used for capturing the property that an expression has a value which
is not completely determined but bounded by the set of values denoted by a type
expression.

As a simple example of a proof rule, consider the following rule for reasoning
about addition of under-determined expressions:

613{]'01 :Nat‘Plﬂ eziﬂ'@:Nat‘Pz]} v; not free in p; and
ej+es : {I’l}1+’1)2 | vy : Nat, vy : Nat - p; A pZ]} vy not free in p;

+]

This rule could, for example be used in the following way:

frome; :{z;:Nat -2y =1}, ea: {zp:Nat-zp =1V = 2]
1 ertey: {a+ze | 7y :Nat,zp:Nat -z = 1A (g =1V, =2)} +-I(h1,h2)
infer e;+ey : {2,3[} triv(1)

It might appear as if nothing much is gained by using the +-I rule; the
addition is just “moved” inside the comprehended type expression. However, the
addition is now on the wvariables z; and z,, and the result of this addition is deter-
ministic for any given binding of z; and z, to actual values, because the binding
1s singular as previously explained. Likewise, the conjoined predicates also form
a deterministic expression so we may use ordinary reasoning about sets written in
comprehension [BFLT94, Jon90] to arrive at the reduced result in the conclusion of
the above proof.

To support the understanding of types described in comprehension, it can
also be argued that the last step is sound because the type expressions in the last
two lines have the same model theoretic semantics. The argument has the following
structure.

The semantics of the expression: x; =1 A (xp =1V x5 = 2) is a singleton
containing the evaluator which yields true only for environments which bind x; to
1 and x, to either 1 or 2. The semantics of the expression: x;+x; i1s a singleton
containing the evaluator which yields 2 for environments which bind (xi,x3) to
(1,1) and 3 for environments which bind (xi,x3) to (1,2). The semantics of the
type expression in line 1 is therefore {2,3} and this is also the semantics obtained
for the expanded version of the type expression: {2,3}.

4.1 The Rules

The natural deduction proof rules which are listed in Fig. 4 generally have the form:

H ... H o
side conditions



¢ Any c 1s a constant
e : Any

‘ definedness-prop }W

Fthonl : p:{truef ep:t

if pthen e; else ey) : ¢

I@ : p:{falsel} ey:t

if pthene; elseep):

v not free in ¢, ¢’ and

vitbe:{v':t'-pf}
IE (lambda v . e): Jvs: t—t' - Vot plvg(v)/v]]}

: ittt : it
apply-T e€1 {v:t—t - pft er: { v P2 [}

vs not free in p and
no capture of vf, v in p

v1 not free in py and

1(62) :{]’Ul(’l)g) | v t—)t’, va:t-pp /\pzl} vz not free in p;

choice-I ? 1t
(choicet):t

e[(recv =e)/v]:t
rec-l ;

(recv =e):

Figure 4: Proof Rules for Ezpr,
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where each hypothesis H; is a sequent: A; - ();. The assumption A; and conse-

quence (); of each sequent as well as the conclusion C of the rule all are typings of
the form e : t. Hypotheses which are just typings are also allowed; they are consid-
ered short forms of sequents with trivially true assumptions. The “side conditions”
are used to state additional applicability conditions.

The expressions and type expressions follow the syntax previously defined,
with the extension that term variables can be used in place of expressions and type
expressions. In addition, syntactic substitutions are also allowed. The names of
the non-terminals: v, ¢, e, and ¢ will be re-used as term variables (possibly with
subscripts or primes) matching the corresponding syntax classes. In addition, we
will for readability use p as a term variable for expressions which are supposed to
denote boolean values.

Most of the proof rules directly reflect the denotational semantics presented
in Fig. 3. Regarding the hypothesis of choice-1, it may be noted that it ensures non-
emptiness of the type ¢. Also note that the rec-I rule is simply the traditional
folding rule for recursive definitions.

The proof rules can be applied to form proofs in the usual style of nat-
ural deduction proof trees or in ClLiff Jones’ linear style with explicit scoping and
indentation [Jon90]. We use the latter in this exposition.

4.2 Logic

The proof rules for reasoning about under-determined expressions should be seen
as an extension of a set of rules for the usual logical connectives and quantifiers.
Different rules for the logic could be envisaged but the choice is not important as
long as a few basic requirements are fulfilled.

First, it 1s assumed that there is a dyadic operator for logical conjunction
which can be represented as a function constant in the language. The function
must yield true when applied to (true,true). Secondly, there must be a bounded
universal quantification, e.g., represented as a family of function constants indexed
by the subset of V which bounds the quantification. Each of these quantification
functions could then take as argument a predicate encoded as a boolean function. It
is required that the quantification functions yield true if the predicate yields true for
all values in the subset of V considered. For convenience, we will use the notation
‘p1Apy’ and Vv : ¢ - p’ for application of the conjunction and bounded quantification
functions, respectively.

4.3 Examples

In this section we present a few examples of how one can use the proof rules defined
above. In addition to the examples introduced in Section 3.3 we start with an
illustration of how we can prove that functions are deterministic.



Functions are Deterministic

In order to demonstrate how the proof rules can be used to show that functions are
deterministic we recall the expression:

(lambda £ . £(5) = £(5))(lambda v . choice{1,2})

from page 10. Note that with our under-determined semantics this expression must
always yield true. A proof of this fact follows:

from
1 fromf:{5}—-{1,2[}
1.1 from f: {5} —={1}
infer f(5) = f(5) : {true} =-I(apply-I(h1.1,triv))
1.2 fromf:{5}—={2}
infer f(5) = f(5) : {truef =-I(apply-I(h1.2,triv))
infer f(5) = f(5) : {true} fun-cases(1.1,1.2)
2  (lambdaf . f(5) =f(5)): ({5} —{1,2[})— {true} A-I(1)
3  lambdawv . choice{1,2[}: {5} —{1,2} triv
4  (lambdaf . f(5) = f(5))(lambda v . choice {1,2]}):
{vi(v2) | v : ({5} —{1,2}) > {truef,va: {5}—{1,2}} apply-1(2,3)
infer (lambda f . f(5) = f(5))(lambda v . choice {1,2[}) : { true} triv(4)

The annotation “fun-cases” refers to a case analysis based on the following property
of function types:

f:{cl—={ca,c} isequivalent to f:{cf—={alVi:{c}—={c}

where ¢, ¢; and ¢, are arbitrary constants.

The faoc' Example

Let us return to the fac’ example from page 11. By means of induction on natural
numbers and the proof rules presented above it would, for example, be interesting
to prove:

n:Nat F FAC'(n): {n!,2 x n!}

Using the induction principle this can be proven in two steps. In the basic
step it must be proven that:

= FAC'(0): {0!,2*0!}
and in the inductive step it must be proven that:
n:Nat; FAC'(n) : {n!,2%n!} - FAC'(n+1) : {(n+1)!,2%(n+1)!}

Proof of the basic step:
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from

1 fromn:{0}

1.1 0:{o} triv
1.2 (n=0):{truef} =-I(h1,1.1)
1.3 1:{1,2} triv
1.4 (choice {1,2]}):{1,2} choice-I(1.3)
1.5 (if n = O then choice {1,2}else n¥*FAC'(n-1)): {1,2}  if-then-I(1.2,1.4)

infer (if » = O then choice {{1,2[felse n*FAC'(n-1)): {v :{1,2[} - true} triv(1.5)
2 (lambdan . if n = Othenchoice {1,2}else n*FAC'(n-1)):

{f {0} —{1,2} - truel} A-I(1)
3  FAC':{f:{0}—{1,2]} - truel} rec-1(2)
4 0:{0} triv
5 FAC'(0):{1,2} apply-1(3,4)
infer FAC'(0): {0!,2«0!} I-prop(5)

Notice that here we are only interested in how the lambda expression behaves when
it is applied to 0 (proof line 2). This technique of relaxing the function type so that
it only describes the function for certain arguments is a pattern which will be used
in other proofs in this framework. The technique relies on the semantics of function
type construction being contra-variant as mentioned in the section on semantics.

The steps termed triv are uses of the const-prop and the definedness-prop
rules from Fig. 4 and the expansion of shorthands for types described in compre-
hension. The step termed =-I(-,-) (and those termed *-I(-,-) below) uses a rule
quite similar to the +I(-,-) rule from page 14 followed by a trivial reduction of the
comprehended type expression.

The inductive step of the proof now follows:



from n :Nat; FAC'(n) : {n!,2*n!}
1 fromm:{n+1}

1.1 0:{o} triv
1.2 (m =0):{false} =-I(h1, 1.1)
1.3 FAC'(m-1): {n!, 2*n!} nat-prop(h1,h)
1.4 m*FAC'(m-1) : { (n+1)*n!, (n+1)*2*n!} *-I(h1,1.3)
1.5 m*FAC'(m-1) : { (n+1)!, 2%(n+1)! } l-prop(1.4)

1.6 (if m = 0 then choice {1,2} else m*FAC'(m-1)):
{ (n+1)!, 2%(n+1)!} if-else-I(1.2,1.5)

infer (if m = 0 then choice {1,2]} else m* FAC'(m-1)):
{v:{(n+1)!, 2%(n+1)!} - true} triv(1.6)

2  (lambdam . if m = Othenchoice {1,2} else m* FAC'(m-1)):

{f :{n+1} = { (n+1)!, 2%(n+1)!} - truef} A-I(1)
3 FAC':{f :{n+1[}— {(n+1)!,2%(n+1)!} - true |} rec-1(2)
4 n+l:{n+l} triv
infer FAC'(n+1): { (n+1)!,2%(n+1)!} apply-1(3,4)

Notice that a similar approach is used here; in the proof of the basic step we needed
to know something about the rec expression when it was applied to 0; here we need
to know something about it when it is applied to one larger than the given n.

The fa" Example

Let us return to the fac” example from page 12. Here we would like to prove a
similar result:

n:Nat - FAC"(n): {n!*2* | k:{0,... ,n+1}}

where FAC" denotes the entire rec expression.

The proof of this can again be split into a basic step and an inductive step,
respectively.

In the fac” example we used a “let be” expression as syntactic sugar for a
combination of a lambda and a choice expression. Correspondingly, we can derive
an inference rule for this kind of expression:

vitiFeity e1 1

let-be-I (letv:tiine): by

where the e; : t; part of the hypothesis is present to ensure that the type ¢ is
non-empty. With this rule, the basic step can be proved in the following way:
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from
1 fromn:{0}
1.1 from z: {1,2}
1.1.1 0:{0[ triv
1.1.2 (n=10):{truef} =-I(h1,1.1.1)
1.1.3 (if » = Othen z else zxn*xFAC"(n-1)) : {1,2]} if-then-I(1.1.2,h1.1)
infer (if n = Othenz else zxn*FAC"(n-1)):
{o1=2* | k: {o,1[}} l-prop(1.1.3)
1.2 1:{1,2} triv
infer (letz : {1,2}inif n = 0 thenz else z*n*FAC"(n-1)):
{or2k | k{0, 1]} let-be-1(1.1,1.2)
2 (lambdan .letz: {1,2}inif n = 0then z else z*n*FAC"(n-1)):
{f :{o}—= {02k | k: {0, 1[}} - truel} A-I(1)
3  FAC":{f:{0}—{0%2* | k:{0,1[}} -true} rec-1(2)
4 0:{0} triv
infer FAC"(0): {0'%2F | k:{0,1]}} apply-1(3,4)

Note how the let-be-I rule is used to introduce the under-determinedness. The
inductive step can be proved as follows:

from n: Nat; FAC"(n) : {n!x2* | k: {0,..., n+1}}
1 fromm:{n+l}

1.1 from z: {1,2}
1.1.1 0:{0[ triv
1.1.2 (m = 0): {false} =-I(h1, 1.1.1)
1.1.3 FAC"(m-1):{n'%2% | k:{0,..., n+1}} nat-prop(h,hl)
1.1.4 m*FAC"(m-1) : { (n+1)*n!%2% | k: {0,..., n+1}} *-[(1.1.3,h1)
1.1.5 m*FAC"(m-1) : { (n+1)!%2F | k: {0,...,n+1}} l-prop(1.1.4)
1.1.6 zxm*x FAC"(m-1):
{zx(n+1)1%2% | k- {0,...,n+1]},2: {1,2}} *-1(1.1.5,h1.1)
1.1.7 zxmxFAC"(m-1) : { (n+1)!%2* | £ : {0,..., n+2]}} nat-prop(1.1.6)
infer (if m = 0 then z else z*m* FAC"(m-1)):
{(n+1)!%2*% | k- {0,..., n+2}} if-else-1(1.1.2,1.1.7)
1.2 1:{1,2} triv
infer (let z : {1,2}inif m = Othen z else z*m*FAC"(m-1)):
{(n+1)1%2% | £ : {0,..., n+2}} let-be-1(1.1,1.2)
2 (lambdam .letz: {1,2[}inif m = Othen z else zxm*FAC"(m-1)):
{f : {n+1} = {(n+1)!%2F | £ : {O,..., n+2}} - true] A-I(1)
3  FAC":{f:{n+1}—={(n+1)%2F | k:{0,..., n+2}} - truel} rec-1(2)
4  n+l:{n+l} triv

infer FAC"(n+1) : { (n+1)'%2F | k: {0,..., n+2}} apply-1(3,4)



For both of these proofs, the overall strategy is quite similar to the corre-
sponding proofs for the fac' example. However, the added complexity here is due
to the use of the let-be-I rule.

The Add Example

Finally, let us now return to the Add example from page 13. Here we would like to
prove that:

s :Natset - ADD(s): {Zs}

where X' is assumed to be a basic operator which yields the sum of a finite set of
values, and ADD denotes the entire rec expression. This proof shows that only
internal looseness is present, because the result belongs to a singleton type.

The proof is done using complete set induction:

. (s:Natset, Vs :Natset-s'Cs = P(s'))F P(s)
I@ Vs :Natset - P(s)

where, in the induction hypothesis, the property is assumed to hold for any proper
subset of the set s considered — including s with an arbitrary element removed.

The hypothesis of set-cind (where the property P(s) is “ADD(s): { XZs}”)
is proven below by case analysis and a trivial lemma covering the case of s being
empty:

from s:Natset,Vs':Natset-s' Cs = ADD(s'):{Zs'}
1 froms:{s:Natset-s={}}

infer ADD(s):{0[} empty-lemma
2 froms:{s:Natset-s# {}}
2.1 from e:{e:Nat-eisinsf}
2.1.1 ADD(s\{e}):{Z(s\{e}) [} set-diff-prop(h2.1,h)
2.1.2 e+ADD(s\{e}): {e+X(s\{e}) | e:{e:Nat-eisins]}[} +-I(h2.1,2.1.1)
2.1.3 e+ADD(s\{e}):{X(s)| e:{e:Nat-eisins}]} XY-prop(2.1.2)
infer e+ ADD(s\{e}):{ Zs} comp-red(2.1.3)
2.2 e:{e:Nat-eisinsf non-empty(h2)
2.3 lete: {e:Nat-eisins}ine+ADD(s\{e}):{Zs]} let-be-1(2.1,2.2)
24 {}:{{}} triv
2.5 (s ={}) : {false]} =-1(h2,2.4)
2.6 (if s = {} thenOelselete: {e:Nat-eisin s} in e+ADD(s\{e})):
{XZs} if-else-1(2.5,2.3)
2.7 (lambda s . if s = {} thenOelselete: {e:Nat-e isin sf}in e+ADD(s\{e}):
{f :{s:Natset-s# {}}>{Zs]} - true} A-I(h2,2.6)
2.8 ADD :{f :{s:Natset-s # {}}—=>{Zs[ -truel} rec-1(2.7)
infer ADD(s):{Xs[} apply-1(h2,2.8)
infer ADD(s):{Xs]} case(1,2)
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In the proof, the step annotated by: set-diff-prop instantiates the induction hypoth-

esis with s\{e} for s’. The step annotated by: non-empty is simply referring to a
trivial lemma about a non-empty set having at least one element. The annotation
XY-prop refers to the following property which is assumed to hold for X

Vecs-Xs=e+tX(s\{e})

Finally, the annotation: comp-red refers to the reduction of a comprehension type
when the variable is not used:

comp-red e:{|61|’u:t-p|} v not free in e;
e:{e

The proof of the empty-lemma follows in a way similar to the base steps in
the other examples so it has been left out here.

5 Soundness

The proof rules have been presented in a natural deduction style where only the
“new” assumptions introduced by a rule are written explicitly. However, for the
purpose of discussing soundness, the sequent calculus style with all assumptions
explicitly mentioned gives a clearer exposition. Considering, e.g., the A-I rule, the
sequent calculus formulation is:

a’l)'tl‘&‘{]’l}"t'-p[} v not free in ¢, t' and
— ' ' t free i d
at (lambdav . e): v : t =t -Vo:t-ploy(v)/v']} Uy mow ree T P an

no capture of vf, v in p

A-1

where a is an arbitrary set of assumptions.

The model theoretic interpretation of the rules written in this style is ex-
plained in the following. The interpretation is defined for instantiated rules, i.e.,
rules where all term variables have been consistently replaced by expressions or type
expressions and all substitutions have been completed.

The meaning of a typing e : ¢t is a function: Env — {true,false} and the
meaning of a sequent a I ¢ is a truth value: {true, false}, as defined below.

TPle:tlp =V ev € £[e] - ev(p) € Tllp
Slat q] =Vp: Env - wf-Env(p) = (TP[a]p = TPlqlp)

The meaning of a typing is lifted to work on a set of typings by conjoining the
meaning of each typing in the set.

A proof rule is thus sound if for all instantiations of term variables, the
semantics of the conclusion is true whenever the semantics of each hypothesis is
true. In the semantics of sequents, note how the well-formedness of environments
is explicitly assumed as discussed when presenting the model-theoretic semantics.
Without this, soundness of the choice-I rule could not be established.

Theorem 1 (Soundness) All the proof rules presented are sound.



The proofs are rather straight-forward but tedious; they are included in the ap-

pendix. Considering the rules: rec-I and A-I, it is necessary to reason about syn-
tactic substitutions. We have established the following lemmas for this purpose:

Lemma 1 (Syntactic to semantic substitution) For any expressions e; and
ey, variable v, type 7, and environment p it holds that

Vev € Eeea/v]] - ev(p) €T implies
Vev, € E]er], evs € Eea] - evi(pleva(p)/v]) € T

Lemma 2 (Semantic to syntactic substitution) For any expression e, vari-
ables v, v', and v”, type 7, and environment p it holds that

Vev' € E[v(v)] - Tev € E[e] - ev(plev’(p)/v"]) € T implies
Jev € E[e[v(v')/v"]] - ev(p) € T
provided that v and v’ are not captured by the substitution.

The proof is in both cases by induction on the syntax of expressions. The
first lemma is useful for proving the soundness of the rec-I rule. It reflects the
intuition that a syntactic substitution may give rise to more possible evaluator
results than the corresponding semantic substitution because the syntactic substi-
tution may lead to duplications whereas the (semantic) binding in the environment
is singular.

The second lemma is tailored for proving the soundness of the A-I rule.
The existential quantification matches the semantics of types described in compre-
hension. Here, the intuition is that v(v') denotes a singleton set of evaluators (it is
deterministic) and the syntactic substitution will therefore give rise to exactly the
same evaluator results as the semantic substitution. This lemma could obviously
be generalised.

6 Conclusion and discussion

We have presented a denotational semantics of under-determined expressions, i.e.,
expressions having particular values which, however, are not completely specified. A
proof system which is sound with respect to the semantics has also been presented.

The main idea in the denotational semantics is to use a set of fixed points
as the denotation of recursive definitions rather than a fixed point which is a set
(the power domain approach). As already mentioned, our source of inspiration
for this approach was work by Wieslaw Pawlowski. However, the idea also un-
derlies the work by M. Broy on fixed point semantics for communication and con-
currency [Bro82]. A subset of Broy’s applicative multi-programming language has
been treated by T. Nipkow [Nip86] in the context of non-deterministic data types,
and in the field of algebraic specification, there is also related work based on non-

determinism, e.g. by Walicki and Meldal [WM].
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Regarding the proof system, the main idea is to base it on propositions of
the form e : ¢, meaning: “the expression e has one of the values in the type ¢t.” To
allow a precise delimitation of the values, we use types described in comprehension:
{e|v:t-pl}. In this respect our work is inspired by type theory [RBS89] and the
concept of types restricted by invariants which are found in a number of specification
languages such as VDM-SL and RSL. To our knowledge, this approach to proof
systems for under-determined expressions in a model-oriented framework is novel
and we consider it to be the main contribution of the work presented here. The
first author has previously published work on the same topic [Lar94|, however with
quite a different approach based on equality.

When relating the results presented here back to the original source of
inspiration: VDM-SL, it should be noted that VDM-SL does not encompass: (1)
a syntax for the general notion of types described in comprehension; and (2) the
notion of contra-variant function types which, in the example proofs, turned out
very useful for capturing properties of functions for certain arguments. Also, in this
work we have for simplicity considered the logical operators as constants. With
the non-strict logical operators of VDM-SL and strict function application, this
approach is not possible. So some adjustments are necessary for our work to be
useful with VDM-SL.

The work presented relies on a notion of very precise types which are used
to bound the values of expressions. On this basis, one might fear that the approach
will be inapplicable in connection with strongly typed languages which usually have
less expressive notions of types. However, as illustrated by RSL, it is possible to
have both strong typing (with respect to a notion of so-called maximal types) and
a notion of types described in comprehension (subtypes in RSL terminology). Also
the work by Tarlecki and Wieth [TW90] justifies the use of logical type invariants
for languages with a strong typing discipline.

It is on our list of important future work to establish and verify some notion
of completeness for the proof system presented. Application of the proof system to
larger and more realistic examples would also be interesting.
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A Soundness Proofs for Fzpr, Proof Rules

The proof of theorem 1 is done by considering each proof rule formulated in the sequent calculus
style where all assumptions are recorded.

A.1 Soundness of rec-I

The sequent calculus formulation of rec-I is:
@ ot ef(recv =¢€)/v]:¢
ab (recv =¢€):t

Consider an arbitrary expression e, variable v, type expression ¢ and a set of assumptions a. The
rec-I rule is sound if:

Slat e[(recv = ¢)/v]:t] implies S[aF (recv = e):¢]
i.e. by the definition of S and TP:
Vp € Bnv- wf-Env(p) = (TPlalp = Yev € E[e[(recv = e)/v]] - ev(p) € T[t]p)
implies
Vp € Env - wf-Env(p) = (TPlalp = Vev € E[recv = €] - ev(p) € Tt]p)
This follows from the following lemma:

Lemma 3 (Recursion folding preserves type) For an arbitrary environment p, type ezpres-
sion T, expression e and variable v:

(Vev e &le[(recv = e)/v]]-ev(p) €ET) = (Vev € E[recv = €] - ev(p) € 7)

Proof of lemma:
Assume Vev € E[e[(recv = e)/v]] - ev(p) € T:

= Ve €¢&[e],evz € Efrecv = €] - evl(p[euz(p)/u]) 1
& Vev € €[e], eva € {Ap.Y(AD.ev'(p'[F/v]))v | ev' € €|Ie]]} evi(pleva(p)/v]) € 7 E-def
& Vev,ev € E&fe] - evi(p[Y(AD.ev'(p[3/v])/v])v) € set-prop
= Vev' €&fe] - ev'(p[Y(ADI.ev' (p[d/v])/v])v) € T V -prop
& Vev' € &e] - Y(Ad.ev'(p[d/v]))v €T Y -prop
& Vev e {Ap.Y(Ad.et' (p[9/v]))v | ev' € E[e]} - ev(p) €T 4
& Vev €&recv = €] -ev(p) €T E-def
qed.

Lemma 4 (Forall rewrite;) For any sets S1, S2, environment p, function F it holds that
V9e€S§ -F(9) €S, isequivalent to
V' € {Ap".Flo'/pl(d) | 9 € 51} F'(p) € Sz

Note that the substitution made takes place at the level of the meta-language.



A.2 Soundness of )\-I

The sequent calculus formulation of A-I is:

av:tl—e:ﬂv’:t'-p[} v not free in £, ' and
A-1 ! v'" not free in p and
ab (lambdav . e): Jv” : t =t -Vo:t-p[v"(v)/v']} capture of vs,v in p

Consider arbitrary expressions e variables v ’U, ’U” type expressions ¢ t, and a set
1 ’ ’ ’ ’
of assumptions a. Then A-I is sound if:

Sle,v:tte:{v':t'-p}] implies
Slat (lambdav . €): Jv" i t—>t"-Vv:t-p[v"(v)/v']}]

under the assumption that v does not occur free in ¢t and ¢’ and v” does not occur free in p. By

the definition of & and TP we obtain:
Vp € Env - wf-Env(p) = (TPla,v:t]p => Veve&le]-ev(p) e T[{v' : ¢ -pl}lp)
implies
Vp € Env - wf-Env(p) =
(TPla]lp = Vev € E[lambdav . €] - ev(p) € T[{v" : t =t -Vv:t-p[v"(v)/v']}p)
This follows from the following lemma:

Lemma 5 For an arbitrary environment p, type ezpressions t, t', expressions e, p and variables

v, v, v":

(VO eTtlp-Vev e E[e] - ev(p[d/v]) € T[{v':t' - p}p[¥9/v]) implies
(Vev € E[lambdav . €] - ev(p) € T[{v" : t =t -Vv:t-p[v"(v)/v']}p)

Proof of lemma:
Assume VO € T[t]p-Vev, € E[e] - eve(p[d/v]) € T[{v" : t' - p[}]p[9¥/v]:
& VI e T[t]p, eve € E[€] - eve(p[¥/v]) €

{9 | ¢ € T[t'|p- Ipev € E[p] - pev(p[d¥' /v',9/v])B = true} 6
& VI e T[tlp, eve € E[e] - eve(p[3/v]) € T[t']p A

dpev € E[p] - pev(pleve(p[d/v])/v',3/v])B = true 7
= Vev, € &fe] - (A . eve(p[d/v]))v € T[t—=tTp A

Vo € Tltlp-Ipev € E[p] - pev(pleve(p[d/v])/v',3/v])B = true v A -dist, 8
& Veuv, € &e] - (A .eve(p[d'/v]))v € T[E—tTp A

Vo eTtlp-Vev' € Ev"(v)]
dpev € E[p] - pev(plev' (p[F/v, X ¥ .ev.(p[d' /v])/v"])/v'])B = true 2,1, B-red
& Veve € &fe] - (AD.eve(p[¥/v]))v €
{99 e Tt=>tp- VI T[t]p-Vev' € E[v"(v)]
3 pev € £1p] - pev(plev (o[, 8" /"])/, 9/ u])s = true} 7

= Vev, € Efe] - (AD.ev.(p[W/v]))v €
{9" 9" e T[t—=tp-VI e T[t]p
dpev € E[p[v"(v)/v']] - pev(p[¥/v, 9" /v"])B = true} 2
= Vev, € Efe] - (AD.eve(p[W/v]))v €
{9 9" eTt=tp-Fev" € E[Vv:t-p[v"(v)/v]] - ev” (p[9"/v"]) = true} 9
& Veve € Ee] - (A.eve(p[W/v]))v € T[{v" : t=t' -Vou:t-plv"(v)/v']}He 6
& Vev € {(Ap . A0.eve(p'[9/v]))v | eve € E[e]}-
ev(p) € T[{v" :t—=>t'-Vov:t-p[v"(v)/v]}p 4
& Vev € &lambdav . €] - ev(p) € T[{v" : t—>t' -Vu:t-p[v"(v)/v']}p E-def
gqed.
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Lemma 6 (Property of shorthand comprehended type) For a comprehended type written
with the shorthand notation for any variable v, type ezpression t and expression p it holds that:

THv:t-pllp={v. | vi € T[tlo- Ipev € ELp] - pev(plve/v])m = true}

Lemma 7 (Set comprehension folding) For any ezpressions e, p, type ezpression t and vari-
able v it holds that:

ec{v|vet-p} isequivalentto e € tAple/v]

Lemma 8 (Type of A abstracted function) For any environment p, ezpression e, type ez-
pressions t, t', variable v it holds that

Veve&lel,9 € T[tlp- ev(p[d/v]) € T[t']p implies
Veve &le]-Ad.ev(p[d/v]) € T[t—t']p

Fact 2 (Singleton quantification) For any evaluator ev and predicate P on such an evaluator
it holds that:

P is equivalent to  Vev' € {ev}- Plev'/ev]
Note that the substitution made takes place ot the level of the meta-language.
Corollary 1 (Semantics of v"(v)) For any variables v", v it holds that:
EL" ()] = D p-p(o" e (p(0))}

Corollary 2 (Substitution of v"(v) for v') For any environment p, ezpressions e, €', and
variables v, v', v", 9" it holds that:

Vev' € E[v"(v)] -V € T[tlp-Tev € E[e’] - ev(p[ev' (p[/v, 9" /v"'])/v’,9/v]) = true
implies
VI e T[tlp-Tev e & [v"(v)/v']] - ev(p[F/v, 9" /v"]) = true

Lemma 9 (Property of object V) For any environment p, ezpression e, type ezpression t, and
variables v, v', v", v"" it holds that:

VI e Ttlp-Fev € E[e[v"(v)/v']] - ev(p[9/v])B = true  implies
Jeve Vv :t-e[v(v)/v']]- ev(p)B = true

A.3 Soundness of choice-I

The sequent calculus formulation of choice-I is:

choice-1 abe:t
alb (choice t) it

Consider an arbitrary expression e, type expression t and a set of assumptions a. The
choice-I rule is sound if:

Slate:t] implies S[at (choicet):i]

i.e. by the definition of & and 7P:

Vp€ Env-wf-Env(p) = (TP[e]lp = Veve&e]- ev(p) € T[t]p) implies
Vp € Env - wf-Env(p) = (TP[alp = Vev € E[choicet] - ev(p) € T[t]p)

This follows from the following lemma:



Lemma 10 For an arbitrary well-formed environment p satisfying wf-Env(p), type ezpression t,
ezpression e it holds that:

(Vev e &fe] - ev(p) € T[t]p) implies
(Vev € E[choice t] - ev(p) € T[t]p)

Proof of lemma:
Assume Vev € E[e] - ev(p) € T[t]p:
& Vev€ Enu—oV .- (Vo € Env-ev € E[e] = ev(p') € T[t]p') =

ev(p) € T[t]p 11
& Veve{ev|eve€ Enuv—>V-Vp € Env-ev € &]e] =
ev(p') € T[tlp'} - ev(p) € Ttlp 12

= Veve{ev€ Env—>V Yy € Env

if T[t]lp' = {} V - wf-Env(p) then ev(p’) € T[t]p U{L} else ev(p') € T[t]'}

ev(p) € T[tlp 13
& Veve{ev|ev€ Enu—>V -V € Env-

if T[t]lp' = {} V - wf-Env(p) then ev(p’) € T[t]p U{L} else ev(p') € T[t]F'}:

ev(p) € T[tlp 12
& Vev € Echoicet] - ev(p) € T[t]p E-def

ged.

Lemma 11 (Lambda abstraction rewrite) For any environment p, ezpression e, variable v,
set s it holds that:

Vev € &e]- XAd.ev(p[d/v]) € s s equivalent to

Vev € Env - F-(Vp' € Env-ev(p') € {A0.e0'(p[9/v]) | ev' € E[e]}) = ev(p) €5
Lemma 12 (Forall rewrite;) For any sets X, predicates P, Q it holds that

VeeX-P => @Q isequivalentto Vzec{z|zecX-P}-Q

Lemma 13 (If-then and If-else introduction) For arbitrary ezpressions e; and ey it holds
that:

e; = if false then e; else es

and

e; = if true then e; else es

A.4 Soundness of Apply-I

The sequent calculus formulation of Apply-I is:

Apply-I a}_el:{lul:t_)t,'pll} 62:{|’u2:t-p2]} v; not free in p; and

ot ei(e2) : {vi(v2) |[vi:t—= ¢t va:t-p1 Apa} vz notfreein py

Consider arbitrary expressions e1, ez, p1, p2, type expressions t, t', variables v, v2 and
a set of assumptions a. The Apply-I rule is sound if:

Slat e :{vi:t—=¢t -p1} e2:{v2:¢-p2}] implies
Slat er(ez) : Jvi(v2) |v1:t =t v2:t-p1 Apall]

under the assumption that v; does not occur free in p; and vs does not occur free in p;. By the

definition of § and 7P we obtain:

Vp € Env - wf-Env(p) = (TP[e]lp = Yev € E[ei], ev2 € Ee2]



evi(p) € T[{vi:t >t -pi}loAeva(p) € T[{v2:t-p2}lp) implies

Vp € Env - wf-Env(p) =

(TPlalp = Vev e &er(en)] - ev(p) € T[{vr(ve) |v1:t—t, v2:t-p1 Ap2ft]p)
This follows from the following lemma:

Lemma 14 For an arbitrary environment p, type ezpressions t, t', expressions e1, €3, p1, p2 and
variables vy, vy it holds that:

Vev € E[er], evz € E[ea] - evi(p) € T[{vr:t—>1t"-prlloAeva(p) € T[{v2:t-p2 o
implies
Vev € Eei(e)] - ev(p) € T[{vr(vz) [v1:t—=t",v2:t-p1 Ap2p

Proof of lemma:
Assume Vevy € Efe1], eva € Eflez] - evi(p) € T[{vi:t =t -p1}lp A eva(p) € T[{v2: ¢t - p2}p:
= Vev € &fe1], eva € E[e2]-

(ev1(p))p(eva(p)) € T[{vi(w2) |va:t—t,va:t-pr Ap2fp 15
& Vev e {dp.(evi(p))p(eva(p)) | evs € Efen], evy € Eea]}

ev(p) € Jui(v2) |vi:it—=t,vait-prApaf} 4
& Vev € {if evz(p) = L then L else X p.(evi(p))p(ev2(p)) | ev1 € E[e1], evs € E[e2]}

ev(p) € {ui(v) |vi:t—=t va:t-pr Ap2f 13
& Vev e &fe(ex)] - ev(p) € T[{vi(vz) |vi:t =t va:t-p1 Ap2lp E-def

ged.

Lemma 15 (Subtype combination property) For arbitrary environment p, evaluators evi,
evy and subtypes {vi:t—t'-p1 |}, {va:t' - pa|} where vy does not occur free in py and vy does not
occur free in p1 it holds that:

evi(p) € T[{vi:t—>t' -pillpAeva(p) € T[{va:t' - p2[t]lp implies

(evi(p))r(eva(p)) € THw(v2) [vr:t—¢" vz 8" p1 Apa e

Proof of lemma:
Assume evi(p) € T[{vi:t =t -pi[]o A eva(p) € T[{vz2: b2 - p2}p:

= evi(p) €E{v1 | v € T[t—=t']p- Ipevs € E[p1] - pevi(p)B = true} 6
= eva(p) € {va | v2 € T[t']p- I pevs € E[p2] - peva(p)B = true} 6
= (en(p))e(eva(p) € Lor(u) | v € T[E—> o, € TIETp
(I pevs € E[p1] - pevi(p)B = true) A (3 pevy € E[pz2] - peva(p)B = true} set-prop
& (enle)e(en(o) € THu(a) 126,020 7 A pallp T -det
qed.

A.5 Soundness of If-then-I

The sequent calculus formulation of If-then-I is:

at pftruel e1:t

If-then-I alb (if pthen e; else ez) it

Consider arbitrary expressions p, e;, ez, type expression ¢, and a set of assumptions a.
The If-then-I rule is sound if:

Slet p: {truel} e1:t] implies

S|Ia, F (if p then e; else ez) : t]]



By the definition of S and 7P we obtain:
Vp € Env - wf-Env(p) =
(TPlalp = Vpev € E[p],¥ enn € E[es] - pev(p) € THerueHp A en(p) € TItlp)
implies
Vp € Env- wf-Env(p) = (TPlelp = Vev € E[if pthen e elseez] - ev(p) € T[t]p)
This follows from the following lemma:

Lemma 16 For an arbitrary environment p, type ezpression t, and expressions p, ey, ey it holds
that:

Vpeo € E[p), evs € E[er] - pea(p) € TH srue blo A eva(p) € Tt
implies
Vev € E[if p then e else €3] - ev(p) € T[t]p

Proof of lemma:

Assume V pev € E[p], evs € E[e1] - pev(p) € T[{truel]p A evi(p) € T[t]p:

= E&[p] = {X p-true} ¥ -prop
= Vev € {Ap.if pev(p)B then evi(p) else evz(p)
[ pev € Elpl, em € Eler], eva € Eleal} - en(p) € el 13
& Vev € E[if pthen eg else 2] - ev(p) € T[t]p E-def
qed.

A.6 Soundness of If-else-I

The ‘If-else-I” rule follow from a simple symmetry consideration of the proof of the ‘If-then-I”
rule.

A.7 Soundness of Definedness-prop
Since Any is defined to contain all values except L it follows trivially from the definition of TP
that the ‘definedness-prop” rule is sound.

A.8 Soundness of Const-prop

Since 1 cannot be defined as a constant and Any is defined to contain all values except L it follows
trivially that the ‘const-prop” rule is sound.



